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Abstract 

We study the properties of neutrinos propagating in an isotropic magnetized 
medium in the two physical approximations of degenerate Fermi gas and classi- 
cal plasma. The dispersion relation shows that, for peculiar configurations of the 
magnetic field, neutrinos can propagate freely as in vacuum, also for very large 
density; this result can be very important in the study of supernova evolution. For 
mixed neutrinos, the presence of a magnetic field can alter significatively MSW 
oscillations, and for particular configurations of the field the resonance condition 
no longer occurs. Furthermore, on the contrary to that happens in non-magnetized 
media, spatial dispersion arises and neutrino trajectory can be in principle deviated; 
however a simple estimate shows that this deviation is not detectable. 



1 Introduction. 



When a neutrino passes through a medium, the interaction with the particles in the 
background gives rise to modification of the properties of the neutrino itself. For example, 
even if neutrinos are exactly massless, in a medium they can acquire an effective mass 
and also an effective electromagnetic coupling . The most famous effect for massive and 
non degenerate neutrinos is the MSW effect [Q: if the resonance condition is fulfilled, for 
neutrinos (created by weak interactions with a definite fiavour) propagating in matter, 
the probability for transition to another fiavour can be appreciable different from zero 
also for very small mixing angles. The solution of the solar neutrino problem in terms 
of this effect is a well known tool. 

The covariant formalism that enables one to consider the interactions of a neutrino 
passing through a medium is the Finite Temperature and Density Quantum Field Theory 
(throughout this paper we use the real-time formulation of this theory, in which 
the Feynman rules for the vertices are identical to the corresponding ones in the vacuum). 
The effect of the temperature and of the density is taken into account in the expressions 
of the free particle propagators. For fermions and bosons we have respectively [0: 



Sf{P) = (/P + m 



p2 _ ^2 



p2 _ ^2 



(1) 

(2) 



where 
and 



r(P) = 2n6{P^ - rr?) \Q[P ■u)n[P) + e{- P ■ u)n[P)\ (3) 

are the Fermi-Dirac and Bose-Einstein distribution functions inp and ra^ are the distri- 
bution functions for the antiparticles). Note that in a medium another 4- vector must be 
considered: the medium 4-velocity m^. We restrict ourselves to temperature which are 
low compared with the and masses, so that we don't consider the temperature- 
dependent term Vb{P) in D^^{P). 

In the present work we want to study the propagation of a neutrino in a magnetized 
medium. An external magnetic field forces the background particles to describe spiral-like 
trajectories along the force lines, so that it infiuences deeply the behaviour of the medium. 
Consequently, the interaction of neutrinos with the modified background particles modifies 
neutrino properties both in comparison with the vacuum ones and in comparison with 
their properties in a non-magnetized medium. 

The medium we assume it consists of an electron gas, and a positive charge density 
is spread homogeneously throughout in order to mantain the charge neutrality (jellium 
model). Although our following analysis works for a degenerate gas as well as for a 
non-degenerate gas (wheater or not it is relativistic) , when the calculations are carried 
explicitely we discuss the specific cases of an electron gas in condensed matter and in 
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plasmas. For the former, we shall make the simplification of a gas of free charged "effec- 
tive" fermions (the electrons dressed by the interaction with ions), uninfluenced by the 
mutual electrostatic forces. In the latter case we stress the relevance of the long-range 
electron-electron interaction, that gives rise to a large repertoire of collective behaviour. 
By crossing from the temperature range of a degenerate gas (T <C Tp where Tp is the 
Fermi temperature) to much higher temperatures (T ^ Tp), the electron gas can be 
described in terms of non-quantum mechanics. The interest in considering a plasma as 
medium allows us to debate possible implications of our results in different physical con- 
texts, i.e. astrophysical field. 

In the following section we evaluate the neutrino self-energy in a magnetized medium 
in the two physical approximation of a degenerate gas and of a classical plasma. The 
results here obtained are used to study the dispersion relation in section 3 and spatial 
dispersion in section 4. The modifications on neutrino matter oscillations are, instead, 
analyzed in section 5. Finally, in section 6 some possible applications of the obtained 
results are picked out. 

2 Neutrino self-energy in a medium with an external 
static magnetic field. 

The propagation of a neutrino, moving along the z-axis with 4-momentum = 
{u, 0, 0, k), is described by the Dirac equation, that in momentum space is 

{/{ - m - ^) ip = (5) 

where S(-ft') is the neutrino self-energy. For propagation in a non magnetized medium 
10], the one- loop relevant contribution of the electron background to the self-energy is 
given by the diagrams in fig. 1,2: 



= {i£k:)'"'^'-'"^ '''''' I WT' 




■Tr 



(7) 



where T,w contributes only to z/g self-energy, while contributes also to that of z/^, i^r. 
The fermion propagator Sf{P) is taken by eq. (|l|). 

In general, the self-energy can be write as the sum of a temperature-independent part 
and a temperature-dependent term; we are interested on the effects that the medium 
can have on neutrino propagation, and then we consider only the temperature-dependent 

^For the sake of simplicity, here we consider a neutrino with a Dirac mass and zero mixing angle; the 
extension to non-zero mixing angles will be discussed in section 5. 
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term S(T). Furthermore, S(T) will be complex, but we ignore absorbitive effects, and 
consider only the real part of the self-energy. Then, we can write 

7^l± = ^^7^l±^^ (8) 

with 

From Lorentz invariance, we have p 

-7^l± = H£ /: + u ^ (11) 

where, in the rest frame of the medium {u^ = (1,0)), the coefficients a^, hi are given by 

ai = t^Tk - (12) 

uj"^ — k"^ ^ uj ^ , , 

h, = ^^T„--T^ (13) 

where = iTr(/^7^]±) and T„ = iTr(/^7^1±). 

In general, a^, bi are scalar functions of the invariants x = K ■ u = u and y = K"^ = 
u'^ — k'^; from (^) and (^) let us incidentally note that the coefficients ai^hi satisfy the 
following differential equations: 

t _|_ X - H - = (14) 

dy dy dy 

dbL daL dTu 

^ a;— h flL + -7— = (15) 

ox ox ox 

At first order in Gi;', in (P),([TO|) the if-dependence vanishes, and then ai — 0. For b^, the 
charged current contribution to z/g self-energy is 

6f ~ -V2Gf{N,-N,) (16) 

where Nf>{N^) is the electron (positron) number density. For u^, ^fi, the neutral current 
contributions come from electron, proton and neutron background. Because the coupling 
to the of the proton is opposite to that of the electron , for neutral media these two 
contributions cancel themselves ^ and one remains only with the neutron contribution: 

^ ^(iVn-AT,) (17) 
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Then, in normal media (in which there are no antiparticles) we have 

bL ^ -V2Gf{N,-^N^) 



for z^ej and 



for ly/^Ur- 



G p 

71 



(19) 



Let us introduce now an external static magnetic field. We want to study coherent 
effects of electrons (and protons) in the background on neutrino propagation, so that the 
interaction region of the space in which we are interested must be microscopically large; 
however, this region is macroscopically small, and then we assume that the applied field 
is also uniform in space. 

Here we don't consider the possible intrinsic neutrino magnetic moment which, in the 
standard model, is non-zero for massive neutrinos, but however extremely small p[: 



3eGF 



3-10-- 

\leV) 



(20) 



where /i^ — 3 ■ 10~^el^~^ is the Bohr magneton. The interaction of the neutrino with 
the magnetic field proceeds only through the interaction with the electrons and protons 
in the medium interacting with the field. 

The extra-contributions to the neutrino self-energy come from the diagrams in fig. 3,4: 
for the electron background we have: 



w 



( zii. 



g^oj (27r)4 \2V2 



(1 - 75) iSpiP) (267,) ^SpiP + Q) 



B 



lim ( ^ — 

q^o \Acos9w 



7.(1-75) tD^iK-P)A 



(21) 



7^(1-75) ^D^''iQ) 



d^P 



■Tr 



AcosO 



w 



7, (1 - Astn^Ow - 75) tSpiP + Q) {le-ia) iSf{P) 



A" (22) 



(in the static limit, = (0, g ^ 0)). By taking into account only the temperature- 
dependent real part of the self-energy, with notation similar to (^, at lowest order m Gp 
we get (see appendix for calculation details) 



7^]± 



B 



, SeGp 
lim — ^ 

g-*o 72 



(P + Qy-ml 



p2 _ ^2 



' a/i 



lim 

q-^O 



AeGp 



d^P 
(2^ 



r^P) 



{P + QY - ml 

A 



+ 



p2 _ ^2 



(24) 



4 



where the tensors T^^f" are defined in the appendix. Again, from Lorentz invariance, we 
have that the extra-contribution to the neutrino self-energy can be written as 

-7^l^§ = H^/:+ L^^ + j^^ (25) 

where = ^e^i,af3u'''F°'^ = —ie^^aisu^Q^A^ and, in the rest frame of the medium, 

= (0,5). To lowest order in Gp, the explicit i^'-dependence in (^), (^) again 
vanishes, and then ~ 0. For the coefficients b'^^ and c^, in the appendix it is shown 
that, for simmetry reasons, also b'^^ ~ 0; the charged current contribution to cl, instead, 
can be written as 

" V2 J (27r)3 2E dE ^""^ ""'^ 



where E = yp"^ + ml is the electron energy. The neutral current contribution of the 
electron background can be obtained in a similar way (see appendix): 



z 2eGF f d?P 1 d 



Because of double sign change due to couplings with and the magnetic field of electrons 
and protons, the neutral current contribution of the proton background is easily obtained 
by (0): 

z 2eGF f d^p 1 d 



where now E = .^p^ + is the proton energy, and Up {rip) is the Fermi distribution 
function for protons (antiprotons). 
Now, let us evaluate the integral 

^ — — n,{E) (29) 



(27r)3 2E dE 

(the extension to protons is straigthforward) in the two physical approximation outlined 
in the previous section. 

Let us first consider the case of a degenerate electron gas (T ^ Tp)] for this 

-4ne(S) ^ -6{E-Ef) (30) 
dE 

where 

EF = m^ + ^ = m^ + (31) 
is the Fermi Energy, so that 



2me 2me 



-I ' S^E-EF)dE = --^^ (32) 



47r2 Jm, E ' ^' in^ Ep 
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and then 



' e — 



47^2 

For a neutral medium, the Fermi momentum of protons is equal to that of elect 
that Jp = Jg. 

Let us now consider a classical plasma, for which 

In the non-relativistic approximation for the electrons in the background, 

1 I f E 
— ~ — 2 

E nip \ rrip 



we have 



2m. \ m. , 



Where E is the mean thermal electron energy, and is given by 
From and ( P?]) we obtain, for the electron background, 

3iVe 
I ~ 

^ 8ml 

Instead, the proton contribution is neghgible: 

Finally, for a neutral medium, in the degenerate gas approximation we have got 

cl - 



for Ue and 

eGp (STT^A^e)^ 



Cl 



V2 vr2 

for UnjUr, while in the approximation of a classical non-relativistic plasma 

3eGF Np 



4a/2 m. 



e 



for Uf. and 

SeGp Ne 
'''' " ^lyf^ 



for v^^Vr- We now give an estimate of the order of magnitude of the previous results. 
For Nf, ~ 10^^ cm~^ we have \ci\ ~ 10~^^eV~^ for i/^, in a degenerate gas, and 
\cl\ ~ 10"^'' el^~^ for a classical plasma. Comparing the Wo Ifestein term ~ 10~^^ 
with the energies 

l^-^l ~ l«"*(lo4^)'^ /rome,.(41, (44) 
|CiB| ~ 10-" (yptI^) eV from eqs. Q, (0) (45) 

we deduce that these terms are relevant in most astrophysical (supernovse, white dwarf, 
etc.) and cosmological enviroments, in which the magnetic field strength can be as large 
as lO^o^i^ Gauss. 



3 The dispersion relation. 

The Dirac equation (j^) has a non trivial solution only if the determinant D(uj,k,B) of 
the 4x4 matrix — m — S vanishes. The neutrino dispersion relation is then given by 

D{uj,k,B) = (46) 

With S calculated in the previous section, at first order in Gi?, the relation (HBI) reads 



k ■ B 

uj'^ - k'^ = rri^ - hAuo + k) + c^fcu + A;)— — (47) 

k 

for the usual left-handed neutrinos, and 

a;2 - = - hAuj - k) - cAuj - A;)^ (48) 

k 

for the right-handed neutrinos. Observe that the presence of a privileged direction, that 
of the magnetic field -B, makes non-isotropic the dispersion relations (^) , (^5]) : besides a 
temporal dispersion in lo there is also a spatial dispersion in k (also for isotropic media). 
Moreover, let us note that, on the contrary to that happens in absence of a magnetic field, 
making the transformation k — > —k in (^) , (^8]) these two relations don't transform each 



other; this happens only if one transforms B in —B. This point will be discussed in the 
next section. 

For ultrarelativistic neutrinos, the left-handed ones propagate in matter with energy 
given by 

, k- B , . 

u;c^k + — -bL + CL (49) 

while right-handed neutrinos, not having coherent interactions with matter, propagate as 
in vacuum: 

2 

TfL 

uj c:i k + — (50) 
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The action of the thermal background on neutrino propagation can be described "macro- 
scopically" by an effective potential V experienced by neutrinos. This potential can be 



defined |]T0| as the difference between the total energy and the kinetic energy of neutrinos, 
that is 

V = -bL + CL^ (51) 

For i? = we obtain the Wolfestein result 

An interesting feature comes out for a particular configuration of the magnetic field, 
given by the relation 

b^k = CLk-B (52) 

As one can see from (^) or (|5lD , if equation (^) holds, the coherent effects due properly 
to the magnetic field are opposite to those generated in absence of the field, and then the 
(left-handed) neutrinos propagate in matter as in vacuum. Let us examine the conditions 
under which ( |5^ can be verified. 

First of all, we observe that (|52D is almost independent on neutrino energy; this depen- 
dence can occur only through 6l,cl at order next to Gf- For propagation in a degenerate 
gas, from eqs. (p!8D,(p^ and (|40|) , (pl) we deduce that electron-neutrinos cannot experi- 



ence the free propagation condition (|52|), while this condition can be verified by /i- and 
r-neutrinos only if A; ■ i? is negative. Instead, all neutrino flavours can undergo the con- 
dition (^) in a non-relativistic classical plasma for k ■ B positive. Note that the free 
propagation condition doesn't take place for propagation normal to the magnetic field (in 
this case the magnetic field has no effect on the dispersion relation). 

For v^^Vj. in a metal [N^, ~ 10^^ cm~^, Z/A ~ 1/2) the field strength necessary to 
satisfy (^) scales as the power 2/3 of the density, and is approximatively B ~ 10^ Gauss. 
A very interesting thing happens, instead, for neutrino propagation in a classical non- 
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relativistic plasma: the field strength for ( |52D doesn't depend on medium characteristic f\ 



,2 



5:.M^l!!k (53) 
cl 3 e 



Let us note that, apart a numerical factor, the field strength ( ]53|) corresponds to the 
Landau critical field = m? /e ~ 4.4- 10^^ Gauss |]Tl| at which quantum effects become 
important in classical electrodynamics 

4 Spatial dispersion. 

In the previous section it has been pointed out that, also for isotropic media, because of the 
presence of a magnetic field, the dispersion relation ( ^6D doesn't manifest spatial isotropy, 
but it depends on the relative direction of the neutrino momentum k and the magnetic 
field B (spatial dispersion). This means that the eigen-energies given by p7|) , (^) don't 
specify completely the eigen-modes of propagation of neutrinos in magnetized media: 
there are also eigen-directions to be picked out. To find these, we can follow two different 
ways. 

A direct method consists in the application of the Ward identity at finite temperature 
1^ (this can be applied only for static fields). Let us rewrite the temperature-dependent 



real parts of the graphs in fig. 1,3 as 

^2 r d^p 



■277 np^P + K)6 [{P + Kf - ml) (54) 



w 

(for simplicity we consider a medium without antiparticles) . Deriving (0) with respect 
to Kfj^, and substituting in this expression the relation 



very weak dependence on medium is expressed in m^, which would be the "effective" electron mass 
in matter. 

•^This limit can be obtained by equating Hivb — rrieC^ where ujb = is the gyrofrequency. 
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d 



{2TTnF{P) 5{P^ 



5{P^ - ml 



— ml 



27r- 



dP„ 



{jP + m,) 6{P' - mi) 



+ 

(56) 



for = {0,A), from (|55| ) we obtain the following identity 



(57) 



This relation is very similar to the usual Ward identity at T = in Q.E.D. |T^; however, 
its applicability domain is much smaller than that at zero temperature (for a detailed 
discussion on the Ward identity at finite temperature see and references therein) . At 
first order in Gp, from ( pj]) and (|25|) we deduce 



{2e{K-A) 



dy 



u, 



+ clBA Y 



{5t 



From the independence of the Dirac matrices, we finally arrive to the following approxi- 
mate equalities: 



dy 



dy 







2e(K -A^^k ~ clB 
dy 



(60) 



The relation ( |59| ) is nothing that (|1^) at lowest order vciGf (at this order a straigthforward 
calculation gives ~ 0). From (|60D, after simple manipulations, we can write ^ 



k 
k 



B 



(61) 



Then, from (|6TD, we deduce that the eigen-directions of neutrinos in the medium are the 
directions parallel and antiparallel to the applied magnetic field (the + sign refers to 
while — to z/^). 

The physical interpretation of this result comes again from the Dirac equation, that 
in the Weyl representation reads 



(u + hL + a ■ {k + ClB)) tfjL 
(uj - a-k) ipR 



m^jR 
mipL 



(62) 
(63) 



At order Gp a direct computation gives ~ ^ Ne- 
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By defining the helicity eigen-states 

a ■ k 



\k\ 



0A = A0A (64) 



with A = ±1, because the interaction here considered through the diagrams in fig. 3,4 
doesn't induce helicity fiip the spinors V'l/jV'i? must be proportional to 0a- From eq. 
(|6^) we deduce that this evenience can take place only if the operators a ■ k and a ■ B 
commute between them, that is ( [HT| ) holds. 

In other words, the neutrino eigen-directions, parallel to the magnetic field, are a direct 
consequence of helicity conservation of the interaction. 

A peculiar feature of the spatial dispersion is the defiection of neutrino momentum at 
the exit of the medium. For evaluating this, let us consider the neutrino velocity whose 
components are given by 

v. = t (65) 



From eq. ( ^T]) we then obtain 



with 



dki 

- (k + k') (66) 



k' = -hL^ + clB (67) 



For = we recover the fact that there is no spatial dispersion (only the modulus of 
the velocity changes), while for B and k parallel between them there is no defiection, so 
that we reobtain the eigen-directions (pT]). 

In general, for k x B neutrinos are defiected from initial trajectory; if, for 
simplicity, we consider k along the z-axis {k = (0,0, fc)) and B in the xz-plane {B = 
{Bx, 0, Bz)) the angle 6 between the final and the initial direction is given by 

tqO = = ; r 5- ~ ; ^ 1 (68) 

^ V, k 1 - ^ + ^ k ^ ' 

In practice, for all physical situations this defiection is enormously small to detect. 



5 Effects on neutrino matter oscillations. 

In general if neutrinos are massive, the fiavour (vacuum) eigen-states z/^ {a = e, fi, r) 
can be expressed as a linear superposition of the mass eigen-states z/j [i = 1, 2, 3): = 

Terms in the self-energy that change hehcity are of the form ^--j^ + <i_R ^-7^1 but in the Standard 
Model at order one- loop the coefheients dL,rffl are vanishing (here we not consider intrinsic neutrino 
magnetic moment). In scenarios beyond the Standard Model, with more Higgs particles, these coefficients 
can be non zero also at order one-loop (see for example [p^). 
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J2i Uai Vi- Let us consider, for simplicity, the mixing of only two flavours (e and a = fi 
or r); in this case the mixing matrix U, if CP is conserved, can be cast in the form 

U = {'"'I (69) 
\ smU cos 6 I 

where 6 is the vacuum mixing angle. The hamiltonian of the sistem of two neutrinos that 
has to be considered for the propagation of a mass eigen-state in a magnetized medium 
has, in the ultrarelativistic approximation, the form 

m? , k ■ B , , 

H = k + ^-b, + c,^ (70) 

where, in the mass eigen-states basis. 



2k [o ^ 



, I cos^ 9 — sin 9 cos 9 \ , ^ / 1 



[71) 



^ \-sin9cos9 siw^ 9 J ^ y 1 J ^ ^ 

_ w ( cos'^9 - sin 9 cos 9 \ z / 1 \ , . 

- y -sin9cos9 sin" 9 j + 1^ I ) ^^^^ 

and bY ,bf are taken respectively by (|I6]),(|I^ while by ( [26| ) and cf by the sum of (|27| ) 
and dH). 

The eigen-energies of propagating neutrinos are given, then, by the eigen-values of H: 



2^k 2 ~ " ^ ~ 



_ 1 
+ 2 



^ CO. 20 + bf - cf'-^] ' + (^ 20) ' (74) 



where Am^ = ml — m\. For = we recover 

The matter eigen-states i^im,t'2m again can be expressed as a linear superposition of 
the flavour eigen-states, with an effective mixing angle 9^, given by 

^sin29 , , 

s%n29^ = (75) 

^{^cos29 + bY- cY^^f + {^s^n29y 

Because of flavour superposition, if for example one creates a z/g by weak interactions and 
then sends it in a magnetized medium, at the exit of the medium there is a non- vanishing 
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probability of finding a neutrino of another flavour. For a costant density medium, the 
transition probability at a certain distance x from the source is given by ^ 



Tlx 

Pi^Ue ^^i) = siri^ 9m sin^ - — (76) 



m 



where Lm is the effective oscillation length in matter, 

Lm = = (77) 

From ([75| ) we observe that the MSW resonance condition is changed: in presence of a 
magnetic field the maximum effect of matter on neutrino oscillation (maximum effective 
mixing angle) occurs if the relation 

^ cos 29 = -bY + (78) 
2k ^ ^ k ^ ' 

holds. More explicitely, for a degenerate gas the resonance condition is 

— c<,.2»= V2G,iV. + (79) 
while for a classical non-relativistic plasma we have 

— cos2e = ^2G,N^ - (80) 

The effect of the magnetic field, as it has already been pointed out, vanishes for propaga- 
tion normal to the field and, in the other cases, is important for strong fields. 
A novel feature appear when the magnetic field configuration is such that 

h^k = cYk-B (81) 

In this case, neutrinos don't propagate freely in matter [] but no resonance occurs. In 
fact, if (|8TD holds, the hamiltonian ([70|) is diagonal, so that no effective mixing angle 9m 
arises. The conditions under which (^) can be verified are similar to those obtained in 
section 3. 



^The calculation of the transition probability proceeds as in the MSW theory without a magnetic 
field, but with an effective mixing angle given by (|7|). See for example |p^ . 

^From (fzol), for free propagation in matter, not only (|8l| ) but also the relation 

i^w w 

between the coefficients must be realized. 
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6 Discussions and conclusions. 



In the present work we have studied the modification of the neutrino "effective properties" 
in an isotropic medium when a magnetic field is present. Because of the privileged direc- 
tion introduced by the magnetic field B, spatial dispersion arises so that for individuating 
the eigen-modes of neutrino propagation one has to recognize also the eigen-directions of 
neutrinos. From the helicity conservation in the interaction between neutrinos and the 
magnetized matter, we have that the eigen-directions are those parallel to the magnetic 
field. A direct consequence of this spatial dispersion is the deflection of the neutrino mo- 
mentum at the exit of the medium; however, a simple calculation (see (|68D) shows that 
the deflection is practically no detectable in all physical situations. 

An important result is the modification of the effective potential (|5TD experienced 
by neutrinos in matter under the influence of the magnetic field. For neutrino matter 
oscillations, this implies that the MSW resonance condition changes according to ([78|) 
for sufficiently high magnetic fields. This can be easily visualized with the level crossing 
diagrams showed in figs. 5-7. The resonance point change with the field strength and 
with the field direction, reaching maximum modification for neutrino propagation along 
the magnetic field, while no modification occurs for normal propagation. In particular, if 
the field configuration is such that the charged current contribution to neutrino effective 
potential cancel themselves, no difference arises in the propagation of the two neutrino 
eigen-states, so that no level crossing occurs and then no resonance can be present. More- 
over, for this field configuration, if we consider a (neutral) degenerate gas with 

Ne - = ^ (Ar„ - N^) (83) 

or a classical non-relativistic plasma with 

- N, = (Ar„ - Nn) (84) 



the medium is completely transparent to neutrinos (see (|8^)). Let us note that the 
no resonance condition ( pTD and the additional relation (|8^) for free propagation are 
independent on neutrino energy. Furthermore, for those physical situations in which 
the classical plasma approximation is valid, the strength of the magnetic field necessary 
to satisfy (|8TD doesn't depend on medium characteristic but, apart a numerical factor, 

2 

coincides with the Landau critical field Br = — — 4.4 ■ 10^^ Gauss. 

^ e 

These considerations should be kept in mind when one studies neutrino propagation 
in astrophysical and cosmological enviroments. In fact, for example, even if one ignores 
specific details, a magnetic field is present in supernovas with strengths up to 10^^ Gauss 
|T6| : this implies that resonant MSW oscillations of neutrinos through their interactions 



with background electrons, protons and neutrons (but not with background neutrinos) 
can no longer occur. Moreover, the possibility of completely free propagation in these 
backgrounds can alter significatively the dynamics of the supernovse. 

Instead, MSW oscillations of solar neutrinos [El are practically no interested by our 



results because of too small magnetic fields present in the Sun 117 
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Another physical context in which one can use our results is the evolution of the Uni- 
verse. In fact, a magnetic field close to the critical field is present [|18| just before 
the epoch of the nucleosynthesis of the light elements, and the number of each type of 



neutrinos is important for the development of the nucleosynthesis itself |19 
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Appendix 



A Calculation details. 

Let us evaluate the neutrino self-energy in a magnetized medium by starting with charged- 
current diagram in fig. 3. We follow the lines traced by D'Olivo, Nives and Pal in Ref. 



At lowest order in Gp-, the temperature-dependent real part of the self-energy is given 



by: 



w 



(P + QY - ml 



+ 



Tf{P + Q) 

p2 _ ^2 



By writing 



with 



Ta^, = Tr 



{jP+ Q + nie) 7a (/P + me) ^ 



2 

1-75 



M 1 - 75 



(85) 

(86) 
(87) 



Tf„ = 2P,P^ + g,P^ + P„g^ - (P2 - ml) g^^ - P ■ Q ga^. 



one obtains: 



7^1±^ = lim 



SeGp f d^P 



k1-o 72 i (27r)4 



- ml + + 2P -Q 



2n5iP^ - ml) [0(P°)ne(P) + ^(-P°)ne(P) 
+ (Q ^ -Q)l + 



+ {Q 



Eliminating the 5-function with the energy integration, we have 

.7^ SeGp f d?P 1 

1 ±>v 



Q) 



^9) 



A" 7^ (90) 



lim ^ , , 

k1-o 72 ^ (27r)3 2E 

2PaP/i ~l~ QaPfi ~l~ PaQfi P ' Q gafi 



[rie + Ue 



+ (rie - ^g) ^ eQM<5/3 ^'^Q'^ 



+ 2P ■ g 

IQ2 + 2P-Q 



+ {Q^-Q) \ + 



+ (Q 



Q) 



A'Y (91) 
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The dispersion relation must be electromagnetic gauge- invariant; to ensure this, let us 
introduce the 4-vector = \e^uapu^F°'^ that in the rest frame of the medium has 

component = {0,B). From Lorentz invariance, because (|9T|) depends only on the 
4- vectors u^, B^, one can write 



where, from u ■ B = 0, the coefficients are given by 

1 



b'r 



cl 



AB 



(92) 



(93) 



(94) 



From gauge-invariance we have that Q-A = and, for a static field, Q-u = 0. Moreover, 
by choosing = (0,^4), also u ■ A = holds. From these, the coefficient 6^ can be 
written as 



b'r 



8eGf 



lim ^ , , 

k1-o ^2 J (27r)3 

p- B 



+ (He - Ue 



[rie + Ug) p- A + 

1 1 



2E \2p-q- q 



2p - q + q 



(95) 



Let us first perform the integration on the azimuthal 6'-angle; because the integrand 
function is odd under the exchange cos 6 —>■ — cos 6, the integration yields 



b'r 







For the coefficient cl one instead gets: 



8eGf 



Cl 



lim ^ 

kl-o ^2 



<fp 
(2^ 



[rie + 



{p-A){p-B) 1 



52 



E \2p- q — (p 2p- q + (p 



(96) 



+ 



d^p 



{Ue - rie) 



(97) 



(27r)3 \2p- q — (p 2p- q + (p ^ 

In the first integral, the integrand function is again odd in cos 6, so that one remains with 



— lim 



4eG, 



a1-o J (2 



d^p 



1 



1 



rip 



2p- q — (p 2p- q + q 



{91 



Because the function in the integral of eq. ( pS]) is uniformly sommable, we can perform 
first the limit g — > (fixed the direction of q); for this purpose let us make the substitutions 
p ^ p + ^qin the first term of (^) and p — > p — | g in the second one: 

d^p 



4eGf 



Cl 



lim 



y/2 J (27r)3 \q\-.o 2p-q 



(K(^+) - ne(^-)] - [n,iE+) - n,{E^)]) (99) 
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Neglecting terms of the second order in |g|, 



2 rs^ 

e 



E ± 



1 p- q 
2 



one obtains 



4eGf 



cl 



d?p 

V2 J (2^ 



■ n,{E+\h)-n,{E-\h) 

nm/i^o j[ r 



lini/j^o ^ — ^ — 



Performing the hmits, we finally arrive at 

AeGp f d^P 1 d 



Cl 



J (27r)3 2E dE 



{rie - Tie) 



(100) 

(101) 
(102) 

(103) 



that is eq.(|26|). 

For the neutral-current contribution (for example from electron background), from the 
identity (BBI) we have 



7^1±| = - lim 



|U|^/ y/e J (gtt) 



{V) 



-t{V + Q) 

{V + Qf - tf 'P^ - tf 



where 



T' = 2 

afj, 



(l - Asin^Ow) + iT^ 



(104) 
(105) 



and T^i^ are given by 



to-— -J vt^ntiri)- From these, it is simple to observe that also the neutral- 
current contribution to 6'^ vanishes while, because the simmetric part of T'^^ always van- 
ishes in the integration over cos 6, the contribution to cl can be obtained by the charged- 
current one by substituting Gp with —Gf/2. 
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Figure 1: Charged- current Feynman diagram for v^. self-energy in a non-magnetized 
medium. 



Figure 2: Neutral- current Feynman diagram for z/e^z/^ji^r self-energy in a non-magnetized 
medium. 



Figure 3: Charged- current Feynman diagram for z/g self-energy in a magnetized medium. 



Figure 4: Neutral- current Feynman diagram for i^eti^fni^T self-energy in a magnetized 
medium. 



Figure 5: Level crossing diagram for 1 Mev momentum neutrino propagation normal to 
the magnetic field (this diagram coincides with that for B = 0): the continuous curves 
refer to uJi^2 iiT- ^Q- (fT^A while the dashed lines to 2 with zero mixing angle. We use the 
typical values: mi ~ 10~^ eV , m2 — eV , sin^ 26* ^ 7 ■ 10~^. 



Figure 6: Level crossing diagram for 1 Mev momentum neutrino propagation in a degen- 
erate Fermi gas parallel to a magnetic field with strength B ^ IQ^ Gauss. We use the 
same values of fig. 5 for neutrino masses and vacuum mixing angle. 



Figure 7: Level crossing diagram for 1 Mev momentum neutrino propagation in a classical 
plasma parallel to a magnetic field with strength B ~ 10^^ Gauss. We use the same values 
of fig. 5 for neutrino masses and vacuum mixing angle. 
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